
QuantumMonteCarloStudiesof
MultibandHubbardModels

•A.IonicHubbardModel
•B.DeterminantQuantumMonteCarlo
•C.BandInsulator-Metal-MottInsulator
•D.FutureDirections/HandofftoSimone(3-band)

2band:N.Paris,G.Batrouni,F.Hebert,K.Bouadim
3band:S.Chiesa,J.Kunes,W.Pickett
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A.IonicHubbardModel

SimpleMultibandModel,

H=−t
∑

〈lj〉σ

(c
†
lσcjσ+c

†
jσclσ)+∆

∑

l
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l
nl+U

∑

l

nl↑nl↓.

AtU=0,

E±(k)=±
√

∆2+ε
2
k

ε(k)=−2t(coskx+cosky)

Twodimensionalsquarelattice.
BandgapEg=2∆.

∆=0,half-filling(ρ=1),T=0:AFinsulatorallU/t.
•Weakcoupling:Slatergap(AFcorrelations).
•Strongcoupling:Mottinsulator.
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HowdoesUinterplaywithbandinsulatingbehavior?

Bandinsulator(BI)↔Mottinsulator(MI)att=0:

.

AF  Mott InsulatorBand Insulator

EAFMI=0
EBI=N(U/2−∆)

Uc=2∆

‘CDW’correlationsinBInotabrokensymmetry.
Causedbyexternalpotential∆(−1)

l
.

AnalogieswithextendedHubbardmodelV
∑

〈lj〉nlnj.
CDW/SDWcompetitionextensivelystudiedind=1.
Strongcoupling:FirstorderSDW/CDWtransition
Weakcoupling:SecondorderSDW/CDWtransition

Or:BOWintervenes
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Physicsinonedimension:

•Lanczos(Ucrit=2.27∆),DMRG,QMC,Bosonization,...

“General”consensusonweakcouplingintermediatephase.

But,...details:BOWormetal?

•Variousapplications,egorganicchains(polyacetylene)

StaticlimitofSu-Schrieffer-Heegertypemodels

BOW Phase in d=1

Small Kinetic Energy Bond

Large Kinetic Energy Bond
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Recent(2006)DMFTstudiesintwodimensions:
•Garg,Krishnamurthy,Randeria:singlesiteDMFT

∆=0:Paramagneticmetalatweakcoupling(U<≈10t).
Metallicphaseextendsoutto∆≈0.04t.
Topologyatvariancewitht=0BI/MIbalance.

•Kancharia,Dagotto:TwositeDMFT
AFinsulatoralong∆=0axisatweakcoupling.
BOWphaseatt=0interfacebetweenBI/MI.

RelatedProblem?
Metal↔AndersonInsulatortransition(d=2)Chakraborty
Randomsiteenergies

µl=∆(r−
1
2)insteadofµl=∆(−1)

l
.

Andersonlocalization/insulatorforU=0ind=2.

CanU6=0driveinsulator→metaltransition?
UsualroleofUdecreasesconduction(e.g.Mott).

Here:Bandinsulator→metalduetoU
Easiertostudy?
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B.DeterminantQuantumMonteCarlo

Goal:evaluate

〈Â〉=Z
−1

Tr[Âe
−βĤ

]

Z=Tre
−βĤ

•ĤistheHamiltonianexpressedintermsoffermioncreation
anddestructionoperatorsc

†
lσ,clσ.

•“Tr”isatraceoverthe4
N

dimensionalHilbertspace.
•Nisthenumberofsites.
•Eachsite|·〉|↑〉|↓〉|↑↓〉.

TheoremfortraceifĤisquadraticinfermionoperators:
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HerehisanNxNmatrixofnumbers.
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Theidentityis:

Z=Tre
−βĤ

=det[I+e
−βh

].

•“Tr”overaquantummechanical4
N

dimHilbertspace.
•“det”isausualdeterminantofNxNmatrices.
•“I”istheNdimensionalidentitymatrix
•“h”isthematrixofnumbersenteringĤ.

Moregeneralidentity:setofquadraticĤ(l),l=1,2,..L:

Z=Tr[e
−Ĥ(1)

...e
−Ĥ(L)

]=det[I+e
−h(1)

...e
−h(L)

].

Inaddition,“Green’sfunction”,

Gij=〈ciσc
†
jσ〉=Z

−1
Tr[ciσc

†
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−Ĥ(1)
...e

−Ĥ(L)
]

=[I+e
−h(1)

...e
−h(L)

]
−1
ij.
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Electron-electroninteractionsUni↑ni↓=Uc
†
i↑ci↑c

†
i↓ci↓

(Discrete)Hubbard–Stratonovichtransformation,

e
−U∆τ(n↑−

1

2)(n↓−
1

2)
=

1

2
e
−

U∆τ

4

∑

S

e
λS(n↑−n↓)

coshλ=e
U∆τ/2

,andS=±1.
Isolateinteractions:divideβ=L∆τ
Ĥ=K̂+V̂whereK̂quadratic(kinetic),V̂interactions.
Trotterdecomposition:

Z=Tre
−βĤ

≈Tr[e
−∆τK̂

e
−∆τV̂

...e
−∆τK̂

e
−∆τV̂

].

e
−∆τK̂

quadratic

Eache
−∆τV̂

:NHubbard–Stratonovichvariables,Sil

•spacei,imaginary–timel.

e
−∆τVl

nowquadratic.
Vl:differentHubbard–Stratonovichvariablesforeachl.
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Summary:

Z=
∑

Sil

detM↑detM↓.

•Determinantforeachofthetwospinspecies.
•Classicalmontecarloproblem.
•Sumoverreal,classical,variablesSil.
•“Boltzmannweight”:productoftwodeterminants.

Possible“sign”problem.
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Conductivity

σdc=
β

2

π
Λxx(q=0,τ=β/2),

Λxx(q,τ)=〈jx(q,τ)jx(−q,0)〉

jx(`,τ)=i
∑

σ

t`+x̂,`e
τH

(c
†
`+x̂,σc`σ−c

†
`σc`+x̂,σ)e

−τH
.

AFStructurefactor

S(π,π)=
1

N

∑

lj

〈S
−
j+lS

+
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N
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lj

〈c
†
j+l↓cj+l↑c

†
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Spectralfunction

G(k,τ)=
∫

dωA(k,ω)
e
−τω

e−βω+1

Analyticcontinuation.
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C.BandInsulator-Metal-MottInsulator

U6=0drivesBImetallic.
Lowtemperaturesignof
dσdc/dTreversed.
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β=16Crossingsindicaterough

Uc1(BI-metal)
Uc2(metal-MI).
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β=10   ∆=0.5
β=12   ∆=0.5
β=16   ∆=0.5

AFcorrelations(S(π,π))
buildupasUincreases.
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Check:For∆=0
alwaysinsulating.
Weak/strongcoupling
different.
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dσdc/dTremains
negative(metallic).
Finitesizescaling?

00.511.5
∆/t

0

1

2

3

4

U
/t

Band Insulator

Metal

Mott Insulator
(Antiferromagnetic)

Phasediagram.
Dashedline:t=0.

0-13



00.10.20.30.40.5
T

0

5

10

15
σ

dc
N= 6 x 6
N= 8 x 8
N=10x10
N=12x12

U=1, ∆=0.5, ρ=1.0

Largerlattices:
dσdc/dTremains
negative(metallic).
Finitesizescaling?

00.511.5
∆/t

0

1

2

3

4

U
/t

Band Insulator

Metal

Mott Insulator
(Antiferromagnetic)

Garg et al
DMFT

Phasediagram.
Dashedline:t=0.

0-14



00.10.20.30.40.5
T

0

5

10

15
σ

dc
N= 6 x 6
N= 8 x 8
N=10x10
N=12x12

U=1, ∆=0.5, ρ=1.0

Largerlattices:
dσdc/dTremains
negative(metallic).
Finitesizescaling?

00.511.5
∆/t

0

1

2

3

4

U
/t

Band Insulator

Metal

Mott Insulator
(Antiferromagnetic)

Garg et al
DMFT

Kancharia et al
c-DMFTPhasediagram.

Dashedline:t=0.

0-15



-8-6-4-202468
ω

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

A
(ω

)

U=0.5
U=2.0
U=4.0

N=6x6   β=12   ∆=1.0  ρ=1.0

SpectralfunctionA(ω)
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UDependenceofSpectralWeightatFermiSurface.
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β=12  unsmoothed
β=12   smoothed
β=16   unsmoothed
β=16   smoothed

N=6x6   β=12   ∆=1.0   ρ=1.0

Fromconductivityσdc:

•Uc1≈1.4t.(BI↔Metal.)

•Uc2≈2.8t.(Metal↔MI.)
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D.ConcludingRemarks/FutureWork

FurtherworkonIonicHubbardmodel

•Large∆limit:
Mottatquarter-filling:ρ=0.5

•BOWcorrelations
•Finitesizescaling:Reallyametal?

GeneralMultibandHubbardModels

•BandInsulator/ChargeTransferInsulator
•Threeband(Emery)modelCuO2sheets

Hanke(DQMC);Maier,Jarrell(DCA)
•Chiesa,Kunes,Pickett:A(ω)Lanczos/DMFT

-2-1012
k

-4

-2

0

2

4

E
(k)

∆=4

∆=0.5

0-18


